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Abstract
This note contains an alternative proof of the Ferna´ndez-Procacci cri-
terion for the convergence of cluster expansion on the abstract polymer
gas via a simple inductive argument a la´ Dobrushin.
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1 Introduction
In statistical mechanics the abstract polymer gas is a discrete model defined
by a triple (P,w,W ) where P is a countable set whose elements are called
polymers, w : P → C is a function which associates to each x ∈ P a complex
number wx called the activity of the polymer x and W : P × P → {0, 1} is
a function, called the Boltzmann factor, such that W (x, x) = 0 for all x ∈ P
and W (x, y) = W (y, x) for all {x, y} ⊂ P. Usually the pair {x, y} is called
incompatible when W (x, y) = 0 and compatible when W (x, y) = 1, then for
each polymer x ∈ P the pair {x, x} is incompatible.
Let us denote by G = (P, E) the simple graph with vertex set P and edge set
E formed by all the incompatible pairs {x, y} ⊂ P, i.e., such that W (x, y) = 0.
The neighborhood of a vertex x of G is the set Γ∗G(x) = {y ∈ P :W (x, y) = 0},
in other words, Γ∗G(x) is the set of all polymers in P incompatible with x.
Observe that |Γ∗G(x)| ≥ 1, as each x is incompatible with itself, note also that
depending of the function W the set Γ∗G(x) can be infinite.
Given S ⊆ P, S is said to be an independent set of G if each pair {x, y} ⊂ S
does not belong to E , i.e., if S is a set of pairwise compatible polymers. Let us
denote by I(G) the set formed by all finite independent sets of G.
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Given a finite collection of polymers Λ ⊂ P, the grand canonical partition
function at “finite volume” Λ is given by any one of the three expression below
ZΛ(w) = 1 +
∑
n≥1
1
n!
∑
(x1,...,xn)∈Λn
wx1 . . . wxn
∏
1≤i<j≤n
W (xi, xj) (1.1)
=
∑
S⊆Λ
∏
x∈S
wx
∏
{x,y}⊂S
W (x, y) (1.2)
=
∑
S⊆Λ
S∈I(G)
∏
x∈S
wx, (1.3)
with the convention here and hereafter that the empty product is equal to one.
When S ⊂ P is not finite, ZS(w) can still be seen as a formal power series in
the activities.
All physical quantities of the model can be deduced from the function ZΛ(w).
In particular the “pressure” of the system in the “finite volume” Λ is given by
PΛ(w) =
1
|Λ|
logZΛ(w), (1.4)
and, given an independent set S ⊂ Λ, the correlations are given by
φΛ(w, S) =
∏
x∈S
wx
ZΛ\S(w)
ZΛ(w)
. (1.5)
If S /∈ I(G) then φΛ(w, S) = 0. When the activity wx is real nonnegative for
all x ∈ P (shortly w ≥ 0), the correlation function φΛ(w, S) coincides with the
probability to have a configuration of polymers in Λ containing the set S.
The model was originally proposed by Kotecky´ and Preiss [8] in 1985 as a
generalization of a lattice polymer model introduced by Gruber and Kunz [6]
in 1968. Its relevance in statistical mechanics is very deep since it is widely
used, as a technical tool, to study a large number of physical systems, (e.g.
spin and particle systems, percolative models and even field theories).
A key problem for the model is to find radii R = {rx}x∈P (with rx ≥ 0 for all
x ∈ P) such that for |wx| < rx for all x ∈ P (shortly |w| < R), the pressure and
correlation functions are analytic functions with respect to activities uniformly
in Λ. The current way to approach this problem is to expand logZΛ(w) as a
Taylor series in the activities around w = 0
logZΛ(w) =
∞∑
n=1
1
n!
∑
(x1,...,xn)∈Λn
φT (x1, . . . , xn)wx1 . . . wxn , (1.6)
and then to try to show that this series is absolutely convergent in some polydisc
|w| ≤ R for all Λ ∈ P. The power series (1.6) is known as Mayer series and its
coefficients φT (x1, . . . , xn) admit a beautiful and long known explicit expression
which depends only on the graph with vertex set {x1, x2, . . . , xn} and edge set
{{xi, xj} ⊂ {x1, x2, . . . , xn} :W (xi, xj) = 0}. We do not need here to give such
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explicit expression for φT (x1, . . . , xn) (see, for instance, [5], formula (2.4)), we
will just use the so-called alternating-sign property
|φT (x1, . . . , xn)| = (−1)
n−1φT (x1, . . . , xn) . (1.7)
Identity (1.7), which holds for all systems interacting via a nonnegative pair
potential (that is to say, 0 ≤ W (x, y) ≤ 1), is known since the sixties (see e.g.
[11]). For a simple inductive proof of (1.7) in the specific case of the abstract
polymer gas see for instance [9].
Given x ∈ Λ, let us define
ΘΛx (w) = logZΛ(w)− logZΛ\{x}(w) (1.8)
=
∞∑
n=1
1
n!
∑
(x1,...,xn)∈Λ
n
∃i: xi=x
φT (x1, . . . , xn) wx1 . . . wxn . (1.9)
Then analyticity of ΘΛx (w) implies immediately analyticity of the pressure (1.4)
and correlations (1.5). Indeed, setting Λ = {x1, . . . , xk}, we have
logZΛ(w) = Θ
Λ
x1
(w) +
k∑
i=2
Θ
Λ\{x1,...,xi−1}
xi (w)
and, setting S = {x1. . . . , xp} ⊂ Λ,
φΛ(w, S) =
(∏
x∈S
wx
)
exp
(
−
p−1∑
i=1
Θ
Λ\{xi+1,...,xp}
xi (w)−Θ
Λ
xp(w)
)
.
It is useful to define the following positive term series
|Θ|Λx (p) =
∞∑
n=1
1
n!
∑
(x1,...,xn)∈Λ
n
∃i: xi=x
|φT (x1, . . . , xn)| px1 · · · pxn , (1.10)
where p = {px}x∈P are nonnegative numbers, and by the alternating sign
property (1.7) we have that
|Θ|Λx (p) = −Θ
Λ
x (−p). (1.11)
Observe that if we can control the convergence of series (1.10) then the analyt-
icity of the series (1.9) follows. Indeed if (1.10) converges then the formal series
(1.9) converges absolutely for any w in the polydisc |w| ≤ p.
Therefore the key problem for the model can be written as the following.
Problem 1.1 Find radii R = {Rx}x∈P , with Rx ≥ 0 for all x ∈ P, such
that for |wx| < Rx for all x ∈ P (shortly |w| < R), |Θ|
Λ
x (|w|) is analytic and
bounded with respect to activities uniformly in Λ.
Until 2007, the best bound for the radii R was given by Dobrushin [4]. In that
year Ferna´ndez and Procacci [5] improved the Dobrushin bound proving the
following theorem.
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Theorem 1.2 (Ferna´ndez-Procacci criterion) Let µ = {µx}x∈P be a col-
lection of nonnegative numbers such that
|wx| ≤ R
FP
x ≡
µx
ϕ∗x(µ)
, ∀x ∈ P (1.12)
with
ϕ∗x(µ) = 1 +
∑
n≥1
1
n!
∑
(x1,...,xn)∈Pn
µx1 . . . µxn
n∏
i=1
[1−W (x, xi)]
∏
1≤i<j≤n
W (xi, xj)
=
∑
S⊂P
S finite
∏
y∈S
{µy[1−W (x, y)]}
∏
{y,z}⊂S
W (y, z), (1.13)
then the series |Θ|Λx (|w|), defined in (1.10) is convergent and furthermore
|Θ|Λx (|w|) ≤ ln(1 + µx). (1.14)
Remark 1.3 It is easy to see that each parcel of (1.13) will not vanish if, and
only if, S is an independent set in G, such that S ⊆ Γ∗G(x). Then we will make
an abuse of notation and write ϕ∗x(µ) ≡ ZΓ∗G(x)(µ) (remember that the partition
function ZΛ was defined for finite sets Λ, while Γ
∗
G(x) can be infinite depending
on W ).
Remark 1.4 Note that ϕ∗x(µ) is in general a positive term powers series in µ.
So, to make sure that the criterion (1.12) is non trivial, the numbers µ must
be chosen such that ϕ∗x(µ) < +∞. Observe that ϕ
∗
x(µ) < exp(
∑
y∈Γ∗
G
(x) µy),
therefore ϕ∗x(µ) is finite for any choice of µ such that
∑
y∈Γ∗
G
(x) µy is finite.
Remark 1.5 A typical realization of the abstract polymer gas that appear in
most of the uses of the cluster expansion in statistical mechanics is the so-called
subset gas. Its definition requires a countable set V that acts as an underlying
“space”. Polymers are then simply defined as the finite non empty subsets of
V, i.e.
PV = {x ⊂ V : 0 < |x| <∞}
and of course a family of activities w = {wx ∈ C}x∈PV is associated to PV. In
this situation the physical pressure at the “real finite volume” Λ ⊂ V is defined
as PΛ =
1
|Λ| lnZPΛ(w), where PΛ = {x ⊂ V : x ⊂ Λ}. It is easy to show that
(1.14) implies that the pressure PΛ is uniformly bounded in Λ by choosing the
numbers µ in such a way that
sup
v∈V
∑
x∈PV;
v∈x
µx = K <∞.
We discuss more details about the pressure PΛ in the Appendix.
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The Dobrushin criterion admits a nearly identical statement with the sole dif-
ference that condition (1.12) is replaced by
|wx| ≤ R
D
x ≡
µx
ϕDx (µ)
, ∀x ∈ P (1.15)
with
ϕDx(µ) =
∑
S⊂P
S finite
∏
y∈S
{µy[1−W (x, y)]}.
Note that again S must be a subset of Γ∗G(x), however now it is not necessary to
be an independent set. Therefore ϕDx(µ) ≥ ϕ
∗
x(µ), for any x,µ, and hence the
boundRFP on radiiR given by the Ferna´ndez-Procacci criterion (1.12) is always
greater than the bound RD on the same radii given by the Dobrushin criterion
(1.15). On the other hand, while the Dobrushin criterion can be proved through
a simple and straightforward inductive argument, the proof of the Ferna´ndez-
Procacci criterion given in [5] involves a heavy combinatorial machinery and in
particular makes use of cluster expansion and tree-graph inequalities.
The objective of this note is to provide an alternative proof of Theorem 1.2
based on a simple inductive argument. This new proof has been inspired by the
connection between the abstract polymer model and the Lova´sz Local Lemma
in combinatorics (see [1] and references therein) pointed out by Scott and Sokal
[12] and further developed by Bissacot et al. [3]. In this regards we are greatly
indebted to the work done by Harvey and Vondrak in [7], where a generalization
of the Moser-Tardos algorithmic version [10] of the Lova´sz Local Lemma is
given, and notably to their Section 5.7 where the proof of Theorem 1.2 presented
below is somehow implicitly outlined.
2 Proof of Theorem 1.2
We will start by recalling two important properties of the partition function
ZΛ(w) which follows straightforwardly from the definition (1.3) (see e.g. [12]).
1. Fundamental identity: let Λ ⊂ P finite and x ∈ Λ, then
ZΛ(w) = ZΛ\{x}(w) + wxZΛ\Γ∗
G
(x)(w). (2.16)
2. Log-subadditivity: let S, T ⊆ P and let µ = {µx}x∈P with µx ≥ 0 for all
x ∈ P, then
ZS∪T (µ) ≤ ZS(µ)ZT (µ).
Given nonnegative numbers p = {px}x∈P , for every finite set S ⊆ P we set
shortly
QS(p) = ZS(−p) (2.17)
and observe that via the fundamental identity we have, for all x ∈ S
QS(p) = QS\{x}(p)− pxQS\Γ∗
G
(x)(p). (2.18)
Recall that ZΓ∗
G
(x)(µ) = ϕ
∗
x(µ). The following proposition is a development of
Harvey and Vondra´k ([7], Lemma 5.41).
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Proposition 2.1 Let µ ≡ {µx}x∈P and p ≡ {px}x∈P be nonnegative numbers
such that
px ≤ R
FP
x =
µx
ZΓ∗
G
(x)(µ)
, ∀x ∈ P. (2.19)
Given a finite set Λ ⊂ P, let S ⊆ Λ and let Sc = Λ \ S. Then
QS(p)
QS\{x}(p)
≥
ZSc(µ)
Z(S\{x})c(µ)
, for all x ∈ S. (2.20)
.
Proof. Let us use induction on |S|. For S = {x}, observe that
Q{x}(p)
Q∅(p)
=
1− px
1
= 1− px.
By other hand, Sc = Λ \ {x} and (S \ {x})c = Λ, then
ZΛ(µ) = ZΛ\{x}(µ) + µxZΛ\Γ∗
G
(x)(µ) (2.21)
≥ ZΛ\{x}(µ) + pxZΓ∗
G
(x)(µ)ZΛ\Γ∗
G
(x)(µ) (2.22)
≥ ZΛ\{x}(µ) + pxZΛ∪Γ∗
G
(x)(µ) (2.23)
≥ ZΛ\{x}(µ) + pxZΛ(µ), (2.24)
where Equality (2.21) is due to fundamental identity, Inequality (2.22) is due to
(2.19), Inequality (2.23) is due log-subadditivity and Inequality (2.24) follows
trivially form the definition of partition function. By Inequality (2.24) we have
ZΛ\{x}(µ)
ZΛ(µ)
≤ 1− px,
therefore
Q{x}(p)
Q∅(p)
≥
ZΛ\{x}(µ)
ZΛ(µ))
.
Now suppose that for any set T ⊂ Λ with cardinality less than n and for any
x ∈ T we have that
QT (p)
QT\{x}(p)
≥
ZT c(µ)
Z(T\{x})c(µ)
.
So we will prove that (2.20) holds for a set S ⊂ Λ such that |S| = n and for
any polymer x ⊂ S. By (2.18) we have
QS(p)
QS\{x}(p)
=
QS\{x}(p)− pxQS\Γ∗
G
(x)(p)
QS\{x}(p)
= 1− px
QS\Γ∗
G
(x)(p)
QS\{x}(p)
. (2.25)
Observe now that S \Γ∗G(x) = S \(Γ
∗
G(x)∩S). Suppose that |Γ
∗
G(x)∩S| = m+1
and let us write Γ∗G(x) ∩ S = {x, x1, . . . , xm}, then
QS\{x}(p)
QS\Γ∗
G
(x)(p)
=
QS\{x}(p)
QS\{x∪x1}(p)
QS\{x∪x1}(p)
QS\{x∪x1∪x2}(p)
· · ·
QS\{x∪x1∪x2∪...∪xm−1}(p)
QS\Γ∗
G
(x)(p)
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and as each parcel satisfies the induction hypotheses, we have that
QS\{x}(p)
QS\Γ∗
G
(x)(p)
≥
Z(S\{x})c(µ)
Z(S\{x∪x1})c(µ)
Z(S\{x∪x1})c(µ)
Z(S\{x∪x1∪x2})c(µ)
. . .
Z(S\{x∪x1∪x2∪...∪xm−1})c(µ)
Z(S\Γ∗
G
(x))c(µ)
=
Z(S\{x})c(µ)
Z(S\Γ∗
G
(x))c(µ)
.
Then by Equation (2.25)
QS(p)
QS\{x}(p)
= 1− px
QS\Γ∗
G
(x)(p)
QS\{x}(p)
≥ 1− px
Z(S\Γ∗
G
(x))c(µ)
Z(S\{x})c(µ)
= 1− px
ZSc∪(Γ∗
G
(x)∩S)(µ)
ZSc∪{x}(µ)
≥ 1−
ZSc∪{x}(µ) − ZSc(µ)
ZSc∪{x}(µ)
(2.26)
=
ZSc(µ)
ZSc∪{x}(µ)
=
ZSc(µ)
Z(S\{x})c(µ)
where Inequality (2.26) is due to
ZSc∪{x}(µ) = ZSc(µ) + µxZSc\Γ∗
G
(x)(µ)
≥ ZSc(µ) + pxZΓ∗
G
(x)(µ)ZSc\Γ∗
G
(x)(µ)
≥ ZSc(µ) + pxZSc∪Γ∗
G
(x)(µ)
≥ ZSc(µ) + pxZSc∪(Γ∗
G
(x)∩S)(µ).

To conclude the proof of Theorem 1.2, we can now apply Proposition 2.1 taking
S = Λ. Then, for any finite Λ ⊂ P, for all x ∈ Λ and for all p ≤ RFP we have
ZΛ(−p)
ZΛ\{x}(−p)
=
QΛ(p)
QΛ\{x}(p)
≥
Z∅(µ)
Z{x}(µ)
=
1
1 + µx
,
and therefore, for all Λ finite and all x ∈ Λ, we have that
ZΛ\x(−p)
ZΛ(−p)
≤ 1 + µx,
and hence, by (1.11),
|Θ|Λx (p) = −Θ
Λ
x (−p) ≤ ln(1 + µx),
which concludes the proof of Theorem 1.2.
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Appendix
Given a subset gas with underlying space V and set of polymers PV = {x ⊂
V : |x| < +∞} with activities w = {wx}x∈PV , let Λ ⊂ V be a finite set and let
PΛ = {x ⊂ V : x ⊂ Λ}. The pressure of the system is defined as the following
function
PΛ(w) =
1
|Λ|
lnZPΛ(w) =
1
|Λ|
∞∑
n=1
1
n!
∑
(x1,...,xn)∈PnΛ
φT (x1, . . . , xn)wx1 . . . wxn .
Suppose that (1.12) holds with µ chosen in such a way that
sup
v∈V
∑
x∈PV:
v∈x
µx < K
then let us show that PΛ(w) is absolutely convergent and |PΛ(w)| ≤ K. Indeed,
recalling that (1.12) implies (1.14) and recalling also definition (1.10), we have
| lnZPΛ(w)| ≤
∞∑
n=1
1
n!
∑
(x1,...,xn)∈PnΛ
|φT (x1, . . . , xn)| |wx1 | . . . |wxn |
≤
∑
v∈Λ
∑
x∈PΛ;
v∈x
∞∑
n=1
1
n!
∑
(x1,...,xn)∈P
n
Λ
∃i:xi=x
|φT (x1, . . . , xn)| |wx1 | . . . |wxn |
=
∑
v∈Λ
∑
x∈PΛ;
v∈x
|Θ|Λx (|w|)
≤
∑
v∈Λ
∑
x∈PΛ;
v∈x
ln(1 + µx)
≤
∑
v∈Λ
∑
x∈PV;
v∈x
µx
≤ K|Λ|.
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